We study topological string amplitudes for the local 1 2 K3 surface. We develop a method of computing higher genus amplitudes along the lines of the direct integration formalism, making full use of the Seiberg-Witten curve expressed in terms of modular forms and E 8 -invariant Jacobi forms. The Seiberg-Witten curve was constructed previously for the low-energy effective theory of the non-critical E-string theory in
Introduction
Topological string theory on the local 1 2 K3 surface provides us with a unified description of the low-energy effective theory of four-dimensional N = 2 SU(2) gauge theories [1, 2] and their extensions to five and six dimensions. The local 1 2 K3 surface is a non-compact Calabi-Yau threefold in which the 1 2 K3 surface appears as a divisor.
By blowing down exceptional curves, one can reduce 1 2 K3 to any del Pezzo surfaces B n (n ≤ 8), including P 2 and P 1 × P 1 . Topological string theory on the local 1 2
K3
describes the low-energy effective theory of the six-dimensional (1,0) supersymmetric non-critical E-string theory in R 4 × T 2 [3] [4] [5] [6] [7] [8] . Similarly, topological string theory on the local B n corresponds to the non-critical E n string theory in R 4 × T 2 with one of the cycles of the T 2 shrinking to zero size [9, 10] . This theory shares the same moduli space with the five-dimensional N = 1 SU(2) gauge theory on R 4 × S 1 with n − 1 fundamental matters [11] [12] [13] . For the toric case (n ≤ 5), the topological string amplitudes have been well studied. In particular, the all-genus topological string partition function in this case is given by the Nekrasov partition function for the above five-dimensional gauge theory [14] [15] [16] [17] .
For toric Calabi-Yau threefolds, the construction of topological string amplitudes has been well understood. One can use the topological vertex formalism [18] to construct the all-genus partition function as a sum over partitions on the A-model side.
The remodeling B-model conjecture [19] , extended from the topological recursion for matrix models [20] , enables us to generate the amplitudes recursively with respect to the genus on the B-model side [21, 22] . Indeed, for toric local del Pezzo surfaces, topological string amplitudes have been studied both in the former approach [23] and in the latter approach [24, 25] . For non-toric Calabi-Yau threefolds, however, such a universal prescription is lacking at present. The purpose of this paper is to formulate a method of constructing the topological string amplitudes for the most general local 1 2 K3 surface.
A generalization of the topological vertex formalism was proposed [26] and applied to the construction of the topological string partition functions for non-toric local del Pezzo surfaces [27] . (See also [28] for another construction for the local B 6 .)
Remarkably, this formalism enables us to construct the all-genus partition function as a sum over partitions. The partition function in this form is, however, not suitable for obtaining the topological string amplitude at each genus in a closed form. Also these constructions do not seem to apply directly to the case of the general local 
surface. On the other hand, one can construct the topological string amplitude at each genus by solving the holomorphic anomaly equation [29] . Higher genus amplitudes have been constructed explicitly for some special cases with one or two moduli parameters [30] [31] [32] . Moreover, a simple, specific form of the holomorphic anomaly equation was proposed for the topological string amplitudes for the local 1 2 K3 surface [8, 31] . By solving this equation one can construct higher genus amplitudes for the most general case with manifest affine E 8 symmetry [8, 33] . In this construction, however, the amplitudes are obtained not in a closed form, but rather in the form of an instanton expansion with respect to one of the Kähler moduli parameters.
Recently, Grimm, Klemm, Marino and Weiss proposed the direct integration method [34] , which provides us with an efficient way of solving holomorphic anomaly equations. Using this method, one can obtain the amplitudes at each genus in a closed form. The key point of the method is to make use of the fact that the topological string amplitudes can be expressed as polynomials in a finite number of generators [35] . This is achieved by taking account of the symmetry, in particular modular properties of the amplitudes [36] . The method is applicable, in principle, to topological strings on any Calabi-Yau manifold. It has also been applied to the gravitational corrections to Seiberg-Witten theories [34, 37, 38] .
There are many examples of non-compact Calabi-Yau threefolds for which the mirror geometries are essentially described by Seiberg-Witten curves. In this case, the symmetry of the topological string amplitudes can naturally be understood in terms of the Seiberg-Witten curve. The Seiberg-Witten curve turns out to be useful to construct the topological string amplitude not only at genus zero, but also at higher genus. All these arguments apply to the local 1 2 K3 surface: The mirror geometry in this case is described by the Seiberg-Witten curve for the E-string theory [7, 39] .
In particular, the most general form expressed in terms of modular forms and E 8 -invariant Jacobi forms was constructed [39] . Making full use of this Seiberg-Witten curve, we are able to formulate a method of constructing the topological string amplitudes at higher genus in a closed form for the most general local 1 2 K3.
Let us briefly summarize our construction in the following. We first clarify the polynomial structure of the higher genus amplitudes and identify the generators of the polynomials. The generators are expressed in terms of one of the periods and the complex structure modulus of the torus associated with the Seiberg-Witten curve.
We elucidate the modular anomaly of the generators, which can be interpreted as the holomorphic anomaly. This enables us to evaluate the holomorphic anomaly of the ansätze for the higher genus amplitudes. Each time we solve the holomorphic anomaly equation, there appears a holomorphic ambiguity that cannot be fixed by the equation. We fix them by imposing a gap condition. The gap condition for the topological strings on the local 1 2 K3 surface has been known [8] . This comes from the geometric property of the local 1 2 K3. Using this method, we construct the amplitudes explicitly up to genus three.
While the basic idea of our construction is the same as that of the direct integration method, our method is rather different from the standard one in appearance.
We start from the holomorphic anomaly equation of Hosono-Saito-Takahashi [31] specific to the present model, rather than that of Bershadsky-Cecotti-Ooguri-Vafa (BCOV) [29] . We use our original generators when constructing ansätze for the amplitudes. In terms of these generators the amplitudes can be concisely expressed.
Despite these differences, we think both methods are essentially equivalent. Later we show that the amplitudes and the holomorphic anomaly equation can be written in a form akin to what has been obtained for other models by the standard direct integration method [34, [36] [37] [38] .
As we mentioned in the beginning, the topological string theory on the local 1 2 K3 surface encompasses that on all local del Pezzo surfaces. Remarkably, when the topological string amplitudes for the local 1 2 K3 are expressed in terms of the Seiberg-Witten curve, their forms are universal to all local del Pezzo surfaces. To obtain the amplitudes for any local del Pezzo surface, we have only to reduce the Seiberg-Witten curve correspondingly [10, 40] . By way of illustration, we present explicit forms of amplitudes for three basic examples, the massless local B 8 , the local P 2 and the local
This paper is organized as follows. In section 2, we review some basic properties of the topological string amplitudes for the local 1 2 K3 surface. In section 3, we describe the method of constructing topological string amplitudes for the local 1 2
in a closed form. First we review how the topological string amplitude at genus zero is constructed from the Seiberg-Witten curve. We then study the modular anomaly of fundamental quantities and interpret them as the holomorphic anomaly. With these data, we solve the holomorphic anomaly equation at low genus. We make a conjecture on the general structure of the amplitudes, which greatly simplifies the problem of solving the holomorphic anomaly equation. We present two other expressions for the amplitudes and the holomorphic anomaly equation. In particular, the last expression
is similar to what is found in the standard direct integration method. In section 4, we study how to reduce our general results to the topological string amplitudes for all local del Pezzo surfaces. We present explicit forms of amplitudes for three basic examples, the massless local B 8 , the local P 2 and the local P 1 × P 1 . Section 5 is devoted to the conclusion and the discussion. In Appendix A, we present explicitly the generators of E 8 -invariant Jacobi forms and the Seiberg-Witten curve for the present model. Appendix B is a collection of derivative formulas. In Appendix C, we present the explicit form of the amplitude at genus three. In Appendix D, we summarize our conventions of special functions.
2. Properties of topological string amplitudes for local 1 2 
In this section we review some basic properties of the topological string amplitudes for the local 1 2 K3 surface. The reader is referred to references [8, 32] for further details. and [E] can be viewed as the classes of the base and the fiber of the elliptic fibration.
The automorphism group of Γ 8 is given by the Weyl group of the E 8 root system, which will be denoted by W (E 8 ).
By a local K3 surface. It is a non-compact Calabi-Yau threefold. We consider the A-model topological string theory on it. In this paper we let F g denote the instanton part of the topological string amplitude at genus g. What we mean by the instanton part will be explained soon. We consider the amplitudes in real polarization, namely, F g are holomorphic functions. As we will see below, the holomorphic anomaly of the amplitudes can be read from the modular anomaly.
Let F denote the all-genus topological string partition function defined as
F can be viewed as the generating function of the Gopakumar-Vafa invariants [41] .
By taking account of the W (E 8 ) symmetry, F can be expressed as
Here P + denotes the set of all dominant weights of E 8 and the sum with respect to weights w is taken over the Weyl orbit of λ. ϕ and τ denote the Kähler moduli corresponding to the base and the fiber of the elliptic fibration, respectively, while K3 surface. This five-dimensional theory is identified with the effective theory of the six-dimensional E-string theory on R 5 ×S 1 .
We defined F g as the instanton part, which means that F g is expanded as
and does not contain any polynomial (including constant) term in ϕ. From the point of view of the E-string theory, Z n := e −πinτ Z 0,n is the BPS partition function of the n-wound E-strings [5, 8] . Z n is also interpreted as the partition function of N = 4 U(n) topological Yang-Mills theory on 1 2 K3 [8] . Throughout this paper, we refer to this F g as the topological string amplitude at genus g.
In general, it is rather hard to solve a topological string model with ten Kähler moduli parameters, in particular when the target space is not a local toric CalabiYau threefold. In the present case, however, one can make full use of the symmetry to construct the amplitudes. It turns out that F is fully characterized by the symmetry, the holomorphic anomaly equation and the gap condition.
Let us start with the symmetry. Due to the automorphism of the homology lattice of 1 2 K3, the partition function exhibits the affine E 8 symmetry. Moreover, it possesses good modular properties in τ . It is known that Z g,n has the following structure [32] 
However, the following non-holomorphic function
transforms as a modular form of weight 2
By replacing all E 2 (τ ) byÊ 2 (τ,τ ), the amplitudes F g transforms as a modular function of weight 2g − 2 at the cost of loosing holomorphicity. This non-holomorphicity is regarded as the holomorphic anomaly of the amplitudes. In other words, the modular/holomorphic anomaly of the amplitudes always appears through E 2 . For later convenience, we introduce a normalized notation ξ := 1 24 E 2 and let
measure the holomorphic anomaly. We also introduce a normalized variable φ = 2πiϕ + φ 0 , so that
10)
The precise relation between φ and ϕ will be given in section 3. Throughout this paper we hold τ and µ constant when we take partial derivatives with respect to ξ and φ. In terms of these normalized variables, the holomorphic anomaly equation
for the partition function F is written as [31, 32] 
By expanding the equation in x, it becomes a set of recursive equations
The equation for g = 0 should be understood with F −1 = 0. In terms of Z g,n , the holomorphic anomaly equations read
Again, the equation for g = 0 should be understood with Z −1,n = 0.
The above form of holomorphic anomaly equation was first proposed for g = 0 [8] and later extended for general g [31] . While in [31] the equation was applied to the case with µ = 0, it is also valid for the cases with nonzero µ [32, 33] . The relation to the BCOV holomorphic anomaly equations [29] has also been discussed [33] .
As the holomorphic anomaly equation is a differential equation, one needs to fix the integration constant, i.e. the holomorphic ambiguity, at each genus. For the present model, it is known that the following gap condition can be used for this
This condition is equivalent to the following constraint on the Gopakumar-Vafa
This follows from the geometric structure of the local
In terms of Z g,n the gap condition reads
where β g are rational numbers defined by the following expansion
It has been checked [8, 32, 33] , at least for low g and n, that Z g,n can be determined uniquely by the symmetry (2.4), the holomorphic anomaly equations (2.13) and the gap conditions (2.16). Assuming that this holds for general g and n, we will develop a method of constructing F g in a closed form in the next section.
Closed expressions for amplitudes

Genus zero amplitude and instanton expansion
It is known that the genus zero amplitude F 0 for the local 1 2 K3 surface is obtained as the prepotential associated with the Seiberg-Witten curve of the following form
Actually, a Seiberg-Witten curve of this form itself describes an elliptic fibration of K3 [8, 32] . We present the explicit form of the Seiberg-Witten curve in Appendix A. It was determined in [39] so that the instanton expansion of the prepotential correctly reproduces Z 0,n at low n calculated by the method of [8] , which we summarized in the last section.
Let us recall how the prepotential is obtained from the Seiberg-Witten curve of the above general form. Given the Seiberg-Witten curve (3.1), the vev of the scalar component of the N = 2 vector multiplet is expressed as
where α is one of the fundamental cycles of the curve. The complexified gauge coupling constantτ is given by the complex structure modulus of the Seiberg-Witten curve. On the other hand,τ is given by the second derivative of the prepotential. In terms of the instanton part F 0 of the prepotential,τ is expressed as
where τ is the bare gauge coupling constant. By solving these relations, one obtains the prepotential from the Seiberg-Witten curve.
The practical calculation can be organized as follows [10, 39, 42] . Since the present Seiberg-Witten curve is elliptic, one can make full use of the explicit map between an elliptic curve and a torus. Let (2πω, 2πωτ) denote the fundamental periods of the torus. The map from the torus to the elliptic curve in the Weierstrass form (3.1) is given in terms of the Weierstrass ℘-function by
The coefficients of the elliptic curve and the periods of the torus are related as
where we use the notationẼ
One can expressτ and ω in terms of the Seiberg-Witten curve by inverting the modular functions. First, we eliminate ω from the two equations (3.6) by taking the ratio of f 3 /g 2 . Equivalently, we can look at the j-invariant and expand it in u −1 as
Here we have used a 0 = 1 12
1 On the other hand, the j-invariant has the following expansioñ
Inverting this expansion and using (3.8), we obtain the expansion ofτ in u −1 . By introducing the notation
the expansion is expressed as
Substituting this into (3.6), one obtains the expansion of ω in u −1 . We choose the sign of ω in such a way that ω is expanded as
Integrating this by u, one obtains φ. We define φ with the normalization
so that e φ has the following expansion
Inverting this relation, we have
Substituting this into (3.11), we obtain
Similarly, from (3.12) and (3.15) we obtain
which will be used later. As explained in the beginning, the instanton part of the prepotential is given by
Here ∂ −1 φ denotes integration with respect to φ of a power series in e φ .
This prepotential is identified with the genus zero amplitude F 0 for the local 
Taking this into account, F 0 is expanded as
By substituting the coefficients a n , b n of the Seiberg-Witten curve presented in Appendix A, one obtains the genus zero amplitude for the local 1 2 K3 as a series expansion in e 2πiϕ up to any desired order.
Modular anomaly
The Seiberg-Witten curve transforms as a W (E 8 )-invariant Jacobi form (see Appendix A). On the other hand, the genus zero amplitude F 0 contains E 2 and therefore exhibits the modular anomaly. The E 2 's appear when one expands the j-invariant j(τ ) aroundτ = τ . Thus, the modulusτ and the period ω of the Seiberg-Witten curve do exhibit the modular anomaly when expanded in u −1 . In [42] , the modular anomaly ofτ and ω was studied in the course of proving the holomorphic anomaly equation for the genus zero amplitude. Extending the analysis, here we study the modular anomaly of various quantities derived from the Seiberg-Witten curve. We will use this to solve the holomorphic anomaly equation for higher genus amplitudes.
As mentioned above, the Seiberg-Witten curve transforms as a Jacobi form. This means that the modulusτ (u, τ, µ) of the curve transforms in precisely the same way as τ does under the action of SL(2, Z). It then follows that t = 2πi(τ −τ ) is invariant under τ → τ + 1,τ →τ + 1, while it transforms as
This anomalous behavior is expected since there appear E 2 's in the coefficients of the expansion (3.11). Moreover, one finds that the transformation of t −1 is very similar to that of E 2 as in (2.6). This suggests that t −1 depends on E 2 as
One can explicitly check this using the series expansion (3.11). Let us express it as
Here (∂ ξ t) u denotes the partial derivative of t with respect to ξ, holding u constant.
Next let us consider modular properties of the combination
We have used (3.6). One can see that this transforms as a modular form of weight 4 in τ , since the constituents transform as
under the S-transformation τ → −1/τ,τ → −1/τ . This means that the combination ωt is free of modular anomaly, namely
Using (3.24), one obtains
Furthermore, combining (3.28) with (3.13) one obtains
Based on these formulas and (3.6), one can evaluate modular anomaly of various quantities. We present a list of formulas in Appendix B.
So far in this subsection, we regard u and ξ as independent variables and we take the derivative ∂ ξ holding u constant. Let us say we are in the (u, ξ) frame. On the other hand, the holomorphic anomaly equations (2.12) are given in the (φ, ξ) frame.
It is useful to see how expressions in these frames are transformed into each other.
The derivative of a function A with respect to ξ is transformed between these frames by the simple chain rule
We have used (3.29) in the second equality. We sometimes omit the subscript ξ, as we always hold ξ constant when we take derivatives ∂ u and ∂ φ . Applying this formula to ∂ φ F 0 = −∂ −1 φ t and using (3.29), (3.30), we see that
By integrating both sides by φ, we obtain the holomorphic anomaly equation (2.12) at g = 0
Higher genus amplitudes
The expression (2.12) of the holomorphic anomaly equation is not convenient for practical purposes, since derivatives of F g appear on both sides of the equation.
Using ∂ φ F 0 = −∂ −1 φ t and the chain rule (3.32), one can rewrite the equation into the following recursive form
for g ≥ 1.
In the following, we solve this equation and construct F g for low g.
Let us first consider the case of g = 1. In this case, the equation simply reads
With the help of the derivative formulas (B.5)-(B.9), one immediately finds a solution of the following form
The constant c 1 and the function f 1 (τ ) can be determined by the condition that F 1 takes the form (2.3), namely it does not contain any polynomial term in φ. From Using these we can determine the unknowns as c 1 = 1/2, f 1 = (ln ∆)/12 and obtain
While this is not a rigorous derivation, we checked that the above form is the correct answer. Combined with (3.15)-(3.17) and (3.19), the above expression correctly reproduces Z 1,n , which we explicitly calculated up to n = 5 using the method explained in the last section. It also reproduces the result for µ = 0 presented in [33] .
Note that a similar expression has been known for four-dimensional Seiberg-Witten theories [17, 38] .
To compute amplitudes for g ≥ 2 by solving (3.35), we point out an interesting fact that the term −φ/2 in F 1 precisely cancels the linear term ∂ φ F g−1 on the r.h.s. of (3.35) . Therefore, if we introduce the notation
the holomorphic anomaly equation (3.35) turns into a very simple form
Note that this form has been already presented in [38] in the case of four-dimensional SU(2) Seiberg-Witten theories. It is natural that the holomorphic anomaly equation takes the same form in the present case, since the definition (3.13)
of φ through the Seiberg-Witten curve is common in both cases.
Based on this simple form, let us search for the amplitude at g = 2. The equation (3.41) in this case reads
(3.42)
Note that the rightmost expression is a polynomial of (quasi-)modular formsẼ 2k and derivatives ∂ m φ ln ω, ∂ n φ t. The polynomial is constrained so that each term contains two ∂ φ 's and is of weight 0. Note that after every E 2 is replaced byÊ 2 , a modular function inτ transforms as that in τ with the same weight. Thus, the weights of the generators of the polynomial read
We see from (3.42) that F 2 is of weight 2, since ξ is of weight 2. Let us make an ansatz that F 2 has the same polynomial structure as (3.42), namely a polynomial of E 2k , ∂ m φ ln ω, ∂ n φ t with two ∂ φ 's. Explicitly, the ansatz reads
Substituting this ansatz into (3.42), one can partly determine the coefficients c j .
The derivatives of the generators with respect to ξ are summarized in Appendix B.
One has to be careful when taking derivatives of ∂ n φ ln ω and ∂ n φ t with respect to ξ. We differentiate them in the (u, ξ) frame, where ∂ ξ and ∂ φ do not commute. The explicit forms of these derivatives for general n are given in (B.10),(B.11), which can be shown by using the chain rule (3.32).
The holomorphic anomaly equation (3.42) reduces the number of undetermined parameters to three. These remaining parameters can be fixed by the condition that F 2 takes the form (2.3) and by the gap conditions (2.16) at n = 1, 2. In the end, one obtains
In the same way, we are able to determine the amplitude at genus three: The most general ansatz for We checked for low n that Z g,n calculated from the above obtained F 2 , F 3 coincide with the results obtained by the method described in section 2. In the next section we will also reproduce the higher genus amplitudes for local del Pezzo surfaces from these results, which serves as another consistency check.
Based on the above explicit construction of F g at low genera, we propose the following conjecture:
, in which each term contains 2g − 2 ∂ φ 's and is of weight 2g − 2.
(3.46)
Note that the form of the polynomial is no longer unique for g ≥ 4, since not all of ∂ m φ ln ω, ∂ n φ t are independent. Actually, they are finitely generated. This can be seen as follows. Recall that f, g are polynomials of degree 4,6 in u, respectively. Since
These relations give rise to non-trivial relations among the derivatives ∂ m φ ln ω, ∂ n φ t. Using these relations, one can express all ∂ m φ ln ω and ∂ n φ t with m, n ∈ Z >0 in terms of those with m = 1, . . . , 6 and n = 1, . . . , 4 andẼ 2 ,Ẽ 4 ,Ẽ 6 . Therefore, by assuming the above conjecture, F g can also be expressed in terms of these generators. In this expression F g (g ≥ 4) is still a polynomial in ∂ m φ ln ω and ∂ n φ t, but becomes a rational function inẼ 2k . In subsection 3.5 we will introduce another expression in which F g is written indeed as a polynomial of a finite number of generators.
The above conjecture provides us with a systematic construction of the ansatz for general F g . We expect that the holomorphic anomaly equations and the gap conditions will be sufficient for completely fixing the form of F g . We have seen that this is indeed the case for g = 2, 3. We have not checked it for g ≥ 4.
Expression in (u, ξ) frame
The equation (3.41) looks somewhat irregular, as the l.h.s. is written in the (u, ξ) frame while the r.h.s. is in the (φ, ξ) frame. For practical purposes, this is actually a convenient form since the derivatives of F g are assembled in a single term in the (u, ξ) frame while the gap condition can be explicitly expressed in the (φ, ξ) frame.
On the other hand, it is also useful to express the equation entirely in the (u, ξ) frame. By using
for g ≥ 2. In this frame, it is easier to take derivatives with respect to ξ, while the gap condition cannot be expressed in a simple manner. F 2 is expressed as 50) which is almost as simple as the previous expression (3.45).
Expression in direct integration style
There is another interesting expression of the topological string amplitudes and the holomorphic anomaly equation: One can express the amplitudes directly in terms of the coefficients of the Seiberg-Witten curve. To see this, let us start with studying the transformation rules for the generators.
From (3.6) and
we see that
Solving these relations, one obtains
54)
where
The derivative of X in u is computed as
With the help of these relations and ∂ φ = − 1 ω ∂ u , it is straightforward to express higher derivatives of t and ln ω in terms of X and f (m) (u), g (n) (u). Note thatẼ 4 ,Ẽ 6
can also be rewritten in terms of f, g, ω by using (3.6). After all, F 2 is expressed as
Note that ω does not appear explicitly in this expression. The same type of expression for F 3 is immediately obtained by rewriting the result in Appendix C. We do not present its lengthy expression here, but the calculation is straightforward.
The holomorphic anomaly equations can be written in a form more suited to the above expression. Observe that when F g are expressed as in (3.58), holomorphic anomalies appear only through X. Hence, one can simply replace ∂ ξ by
in the holomorphic anomaly equation (3.49) . For g = 2, the equation is now written
By using
and (3.54), (3.55), (3.57), one can evaluate the r.h.s. of (3.60) as a quadratic polynomial in X. Then integrating directly both hands of (3.60) in X, one obtains (3.58) up to the 'constant' part in X. For g ≥ 3, let us introduce the notatioň
The holomorphic anomaly equations can then be written again in a very simple form
Regarding the explicit form of F g at g = 2, 3 and the above equation, we present our conjecture on the structure of the amplitudes in another form: F g (g ≥ 2) can be expressed as We find that the above structure of the amplitudes and the holomorphic anomaly equation is akin to what are obtained for other models by the direct integration method [34, 37, 38] . While we have taken a different path from the standard approach, both constructions should be essentially equivalent.
Topological string amplitudes for local del Pezzo surfaces
The topological string amplitudes for the local 1 2 K3 surface encompass those for all local del Pezzo surfaces. In this section we see how the former reduce to the latter.
In fact, when the topological string amplitudes for the local 1 2 K3 are expressed in terms of the Seiberg-Witten curve, the forms of them are universal to all local del Pezzo surfaces. We obtain the amplitudes for any local del Pezzo surface by merely replacing the Seiberg-Witten curve with the corresponding one. The mirror pair of the local del Pezzo surface B n is given by the Seiberg-Witten curve for the fivedimensional E n strings [10] . It is also easy to reduce the most general Seiberg-Witten curve to that for any del Pezzo surface [10, 40, 43] . We first discuss the general cases and then present explicit forms of amplitudes for three basic examples, the massless local B 8 , the local P 2 and the local P 1 × P 1 .
General cases
The Seiberg-Witten curve for the local B 8 is obtained from that for the local K3. In particular, the mirror map between u and φ for B n (n ≤ 8) is simply given by the q → 0 limit of (3.15).
Below we present the minor modifications needed for the local B n (n ≤ 8). The instanton parts of the topological string amplitudes at g = 0, 1 are slightly modified as follows
1)
instead of (3.10). Expressions for higher genus amplitudes F g (g ≥ 2) hold as they stand, where F g are now related to F g as
We also need to modify the relation (3.19) between φ and ϕ, since it is no longer valid in the limit q = 0. Instead of (3.19), we identify them by
Massless local B 8
As an illustration we first consider the case of local B 8 with µ = 0. In this case the corresponding Seiberg-Witten curve is extremely simple. The coefficients are given
The amplitudes at g = 0, 1 are given by (4.1), (4.2) with n = 8. By substituting the above f, g into (3.58) one obtains
Similarly, from the expression of F 3 in Appendix C, one obtains
From these expressions one can compute Gopakumar-Vafa invariants. The instanton expansions in this case read 
We present the Gopakumar-Vafa invariants N r n at low degrees in Table 1 . This reproduces the known result, for example found in [5, 32] .
2 Moreover, it is easy to compute N r n up to arbitrary large degree of n, as we now have the exact form of the amplitudes F g .
We have performed the expansion around the large volume point u = ∞ to compute the Gopakumar-Vafa invariants, but we could expand the amplitudes at arbitrary u. It would be interesting to study the behavior of the amplitudes around the other points such as the orbifold point, as in [24] .
Local P 2
The coefficients of the Seiberg-Witten curve are given by
The amplitudes at g = 0, 1 are given by (4.1), (4.2) with n = 0. By substituting the above f, g into (3.58) one obtains
2 The Gopakumar-Vafa invariants N r n at r = 1 and the instanton numbersÑ g n for g = 1 curves found in [5, 32] are related by N 1 n = k|nÑ 1 (n/k) [32] . Similarly, from the expression of F 3 in Appendix C, one obtains
The instanton expansions in this case are given by The all-genus topological string partition function can be expressed as
(4.20) Table 2 shows the Gopakumar-Vafa invariants N r n at low r and n. This coincides with the known result (see [30, 44] , for example) of the Gopakumar-Vafa invariants for local P 2 .
Local
The amplitudes at g = 0, 1 are given by (4.1), (4.2) with n = 1. By substituting the above f, g into (3.58) one obtains
We do not present the explicit form of F 3 since it is slightly lengthy, but the calculation is straightforward. Instanton expansions in this case read The all-genus topological string partition function can be expressed as 27) where
We checked that N r n 1 ,n 2 coincide with the known data of the Gopakumar-Vafa invariants for the local P 1 × P 1 (see [44] , for example).
Conclusion and discussion
In this paper we have developed a general method of computing topological string amplitudes for the local There are several directions for further investigation. We believe that the conjecture (3.46), (3.64) on the structure of the amplitudes hold for general g. It is of importance to check this further and prove them. Another expectation to be clarified is that with the above conjecture the holomorphic anomaly equations and the gap conditions may be sufficient to determine the amplitudes at arbitrary high genus.
It is known that the gap condition is indeed sufficient at least for local del Pezzo surfaces with one or two moduli parameters [45] . We expect that the same sort of argument will apply to the case of the most general local 1 2 K3 surface.
We have started from the holomorphic anomaly equation (2.12) of [31] which is specific to the present model rather than the general one of BCOV [29] . For practical purposes, the former equation is easier to deal with. Nevertheless, it would still be of interest to clarify the relation between these two equations and see how our construction fits in the general scheme of the topological string theory.
The direct integration method has been applied to the four-dimensional SU (2) Seiberg-Witten theories with matters [37, 38] . We know from Nekrasov partition functions that by taking a certain limit topological string amplitudes on the toric del Pezzo surfaces reproduce the prepotential and the gravitational corrections of the four-dimensional theories. It is interesting to see how our general formulas reproduce those results. The cases of non-toric local del Pezzo surfaces are of particular interest.
In terms of the Seiberg-Witten curves, we know how the four dimensional SU (2) theories with an E n global symmetry [46] [47] [48] are reproduced from the five dimensional ones [10, 39] . It would be interesting to construct the gravitational corrections to these four-dimensional theories with an E n flavor symmetry.
The topological recursion [20] , or more specifically the remodeling B-model conjecture [19] , is a powerful method of computing topological string amplitudes. This , µ ∈ C 8 and satisfy the following properties [49, 50] :
iii) Modular properties
Here Γ 8 is the E 8 root lattice and a b c d ∈ SL(2, Z). Note that in this convention the index m coincides with the level of the affine E 8 Lie algebra.
Among others, the most fundamental W (E 8 )-invariant Jacobi form is the theta function associated with the lattice Γ 8
One can see from the properties of the Jacobi theta functions that Θ(τ, µ) is of weight 4 and index 1. Jacobi forms of higher indices can be constructed from Θ(τ, µ) as follows.
To construct general W (E 8 )-invariant Jacobi forms, we introduce functions
Let us then define the following nine W (E 8 )-invariant Jacobi forms
H {Θ(3τ, 3µ)} ,
H {Θ(5τ, 5µ)} ,
Here H {·} denotes the sum of all possible distinct SL(2, Z) transforms of the argument. Explicitly, they read
A n , B n are of index n and weight 4, 6, respectively. If we set µ = 0, these Jacobi forms reduce to ordinary modular forms. We have determined the normalization of A n , B n so that they reduce to the Eisenstein series
The above nine A n , B n are chosen in such a way that characters of all fundamental representations of the affine E 8 algebra are expressed as polynomials of A n , B n with some coefficient functions in τ , and vice versa. 3 Consequently, any W (E 8 )-invariant Jacobi form that is made of characters of integrable representations of the affine E 8 algebra is expressed in terms of the above A n , B n . Together with the generators of modular forms, which we formally express as
A n , B n generate a ring of W (E 8 )-invariant Jacobi forms that are made of characters of integrable representations of the affine E 8 algebra.
A.2. Seiberg-Witten curve
The Seiberg-Witten curve for the E-string theory was constructed in [39] . Here we present the same curve expressed in terms of the W (E 8 )-invariant Jacobi forms introduced above: (A.14)
Note that a n , b n satisfy most of the properties of the W (E 8 )-invariant Jacobi forms except the condition v 2 ≤ 2ml in the Fourier expansion. a n , b n are of index n and weight 4−6n, 6−6n, respectively. It is useful to let the variables u, x, y transform formally as Jacobi forms of weights −6, −10, −15 and index 1, 2, 3, respectively. The whole curve then transforms as a Jacobi form of weight −30 and index 6. f, g are of weight −20, −30 and index 4, 6, respectively. 
